We discuss the properties of non-abelian gauge theories formulated on manifolds with compactified dimensions and in the presence of fermionic fields coupled to magnetic backgrounds. We show that different phases may emerge, corresponding to different realizations of center symmetry and translational invariance, depending on the compactification radius and on the magnitude of the magnetic field. Our discussion focuses on the case of an SU (3) gauge theory in 4 dimensions with fermions fields in the fundamental representation, for which we provide some exploratory numerical lattice results.
I. INTRODUCTION
The purpose of this study is to investigate a class of phenomena taking place in SU (N ) gauge theories with dynamical fermion fields, when one of the space-time dimensions is compactified in the presence of an electromagnetic background coupled to the fermions. Such phenomena result from the coupling of the gauge field holonomy to the background, through fermion loops, leading to an entanglement between center and traslational symmetries, which manifests itself through the presence of different phases and phase transitions.
Center symmetry is known to play a fundamental role in determining the phase diagram of pure gauge theories [1] . In that case, the action is symmetric under gauge transformations which are periodic in the compactified direction, apart from a constant element belonging to the center of the gauge group. In the lattice formulation that can be rephrased in terms of multiplication of all gauge links pointing in the compactified direction and taken at a given slice orthogonal to it, by an element of the center of the gauge group Z N ≡ e i2kπ/N , k = 0, . . . N − 1 . This symmetry can be exact or spontaneously broken; the trace of the holonomy along the compactified direction, L ≡ Tr exp(i dx µ gA µ ) (Wilson line or Polyakov loop), which gets multiplied by the corresponding center element, is a possible order parameter. Its expectation value L becomes non-zero and proportional to a center element for small enough compactification radii, due to the appearance of N degenerate vacua in the holonomy effective potential. For a thermal compactification, the corresponding phase transition describes deconfinement [2] .
The presence of matter fields changes the picture substantially. The covariant derivative in the fermion action introduces a direct coupling to the holonomy around the compactified direction, which breaks center symme- * Electronic address: massimo.delia@unipi.it † Electronic address: marco.mariti@df.unipi.it try explicitly. In particular, for fermions in the fundamental representation and thermal boundary conditions (b.c.), this coupling tends to favor a real Wilson line, so that the spontaneous breaking disappears
1 . An even more interesting phenomenology takes place when an additional U (1) background is coupled to matter fields, i.e. when the fermionic covariant derivative is
where T a are the SU (N ) generators and q is the coupling to the external U (1) field a µ . A well known example is that of an external imaginary chemical potential, µ = iµ I in QCD at finite temperature. In this case qa ν = µ I δ ν 0 , where 0 is the Euclidean temporal direction, and the full holonomy entering the fermion determinant is Tr exp
It is therefore L exp(iµ I /T ) which tends to be oriented along the real direction, i.e. in this case the effects of fermion fields tends to align L along exp(−iµ I /T ), like an external field whose direction in the complex plane is fixed by µ I /T . This is exemplified in Fig. 1 for the case of SU (3). In the high T phase, where the pure gauge contribution to the effective potential of the holonomy would tend to align it along a center element, that results in first order phase transitions as µ I /T crosses π/N or odd multiples of it, which are known as Roberge-Weiss transitions [6] . We are going to explore what happens when the U (1) background is non-uniform. To fix ideas, we will consider the case in which a spatial dimension gets compactified in the presence of a background magnetic field, notice however that the case in which the compactified dimension has thermal b.c. is completely equivalent, since the antiperiodic b.c. for fermions imply just a global shift for the background field. Moreover, we will consider for simplicity the case in which all fermions have the same electric charge.
Let us consider the situation depicted in Fig. 2 : direction y is compactified, with a compactification length L c , in the presence of a magnetic field orthogonal to the x − y plane. The Wilson line sitting at x 1 will couple to dynamical fermions of charge q through a local phase factor, i.e. in the combination L(x)e iq dyay(x,y) = L(x)e iφ(x) : such a coupling will tend to align the Wilson line along the center element closest to e −iφ(x) . However, since the phase factor depends on x, it will tend to align Wilson lines sitting at different values of the non-compactified coordinates along different center elements, i.e. the U (1) background field will induce, for small enough L c , a structure of different center domains.
Whereas the value of a single phase factor is not physically relevant and gauge dependent, the phase difference between different points is. Indeed we have
where Φ B is the total magnetic field flux going through the shadowed surface in the figure. Despite the simplified situation in Fig. 2 , it is easy to realize that the value of this flux is, for any magnetic field distribution, independent of the particular shape of the surface in the non-compactified directions, i.e. it is a property of the points x 1 and x 2 only. Therefore, modulo a global center rotation, the structure of center domains that tends to be formed is a unique property of the magnetic field distribution. However, the fact that such a structure actually forms is non-trivial, since the formation of center domains implies the presence of interfaces separating them, which has a cost in terms of energy. The actual structure will depend on the balance between the energy spent in creating center interfaces and the energy spent in keeping the holonomy in a locally wrong vacuum: the former is a function of the interface tension and of the density of interfaces, which depends on the magnetic field strength, the latter is a function of the holonomy effective potential. Since both the interface tension and the effective potential are functions of L c , one may expect that different phases, corresponding to different center domain structures, are crossed as the compactification radius shrinks, with a corresponding presence of phase transitions and metastable states.
To discuss that more in detail, let us assume that y in Fig. 2 is the spatial direction of a 4-dimensional (4D) gauge theory and that, for simplicity, the background field F xy = B is uniform and constant. We will compare two extreme situations: that in which all center domains are actually formed, i.e. the holonomy is in the correct "local vacuum" everywhere, and that in which the holonomy stays in the same center sector everywhere, without forming any interface. In the first case, making reference to Fig. 2 , the number of interfaces, N int , is given by the different center sectors spanned by the local phase between x 1 and x 2 , i.e.
where L = |x 2 − x 1 |, while in the second case one must keep the holonomy in the wrong center sector for a fraction (N − 1)/N of the region between x 1 and x 2 . In the limit of asymptotically small L c , we can recover perturbative results obtained in thermal field theory, where the role of the compactified direction is played by the Euclidean time direction and T = 1/L c . The interface tension (i.e. the energy per unit interface area) is proportional to L −3 c log(1/L c ) [7] , and the energy density spent to keep the holonomy in the wrong vacuum is proportional to L −4 c [6] . Without considering a common factor related to the integration over the non-compactified directions orthogonal to x, the energy spent to create all possible interfaces between x 1 and x 2 is then proportional to qBLL (7)). All predicted center domains are explored as x changes, with the associated interfaces separating them.
first situation is surely favored, at fixed magnetic field, for small enough L c and, at fixed L c , for small enough B. For intermediate values of L c and/or B, the lowest energy configuration might correspond to a partial formation of the center domain structure, so that various phase transitions can be crossed as the two quantities change. Given the power law dependence on L c , a similar behavior is expected also when L c is changed at fixed total flux, i.e. if B is scaled proportionally to 1/L c . We notice that, in the case of a constant and uniform magnetic background, an exact center-translational symmetry appears, since an elementary center trasformation can be exactly reabsorbed by a traslation along x by 2π/(qBL c N ). This discrete symmetry can be either exactly realized or spontaneously broken. In the first case, after each translation by 2π/(qBL c N ) the holonomy rotates by −2π/N , and the spatial average of the Wilson line is exactly zero. In the second case, the holonomy fails to rotate, because interfaces cost too much and it is more convenient to stay in the false vacuum somewhere; as a consequence, the spatial average of the Wilson line, which serves as a non-local order parameter, could be non-zero.
II. NUMERICAL SIMULATIONS
In order to test this scenario, we have performed numerical simulations of a 4D SU (3) gauge theory, with two degenerate and equally charged dynamical flavors in the fundamental representation, adopting the Rational Hybrid Monte Carlo algorithm [12] and the code developed in Ref. [13] . The theory has been discretized on a periodic 4D torus, with a constant and uniform magnetic field orthogonal to the x−y plane and the y direction significantly shorter than the others, as in Fig. 2 . We have considered a standard rooted staggered discretization of the theory. The partition function reads: 
DU is the integration over SU (3) gauge link variables, S G is the standard Wilson plaquette pure gauge action, i, j are lattice site indexes, η ν (i) are the staggered phases. The U (1) phases u (q) µ (i) appearing in the fermion matrix are chosen so as to reproduce a uniform magnetic field across the x − y plane, which, as a consequence of the periodic b.c., is quantized according to [8] [9] [10] [11] 
where b is an integer. It is easy to check that the number of different center sectors which should be crossed when moving along the x direction is exactly equal to bN . We have worked in a fixed cut-off scheme, setting the inverse gauge coupling β = 6/g 2 0 and the bare quark mass respectively to β = 6.2 and am = 0.01 in all simulations performed. We have considered L x ×L y ×L z ×L t lattices, fixing L x = L t = 24, then tuning L y = L c to change the compactification radius, and L x and b to change the magnetic background at fixed L c . Such bare values correspond roughly to a pion mass of the order of the ρ mass [14] . For all explored values of the compactification radius, the corresponding thermal system at zero background field is in the deconfined phase.
In Fig. 3 we show results obtained for the real and imaginary part of the Wilson line for simulations with L y = 4, L x = 72 and b = 1. Expectation values are reported both as a function of x and in the complex plane: the formation of the predicted three center domains, separated by three interfaces, is clearly visible, and the center-translational symmetry is realized exactly, i.e. the system is globally center-symmetric. However, as we increase L c while keeping the magnetic field, hence b/(L c L x ), fixed, the situation changes.
In Fig. 4 we report results obtained for L c = 8. In this case two different phases are found, depending on the starting configuration of the Monte-Carlo simulation. In both of them the global center symmetry is spontaneously broken: in one phase the system chooses a single center domain, with no interface, similarly to a standard thermal system in the high-T regime, so we can name it "deconfined phase"; in the other instead two center domains are formed, with the corresponding separating interfaces and, due to the characteristic shape in the complex plane (see Fig. 4 ), we name it "banana phase". For L c = 6 one finds that the global center symmetry is exact, while for L c > 8 only the deconfined phase survives. The metastability found for L c = 8 is a clear suggestion that the different phases are separated by strong first order transitions.
A similar pattern takes place if one changes L c while keeping a fixed magnetic flux, i.e. by scaling B ∝ 1/L c . This is visible in Fig. 5 , which shows two different compactifications, L c = 4 and 10, where the flux is the same as for the L c = 8 case in Fig. 4 .
Finally, in Fig. 6 we show a set of results in which the compactification radius is kept fixed and one changes the magnetic field. As expected, as B increases the system moves from the phase with an exact global center symmetry, to the banana phase and, finally, to the deconfined phase; in all showed examples the phases are stable, i.e. they are found independently of the starting configuration.
A non-local order parameter for the realization of the center-translational symmetry is the spatial average of the Wilson line over all non-compactified directions. Its time history is reported in Fig. 7 for some of the cases discussed above and, in particular, for the metastable case reported in Fig. 4 .
III. CONCLUSIONS
To summarize, we have discussed how the compactification of a non-abelian gauge theory in the presence of a U (1) background field is accompanied by the formation of a structure of center domains, dictated by the dynamics of the holonomy, for asymptotically small values of L c . As L c increases, the energetically favorable structure can change, leading to different phases characterized by a reduced number of domains; such phases are likely separated by first order transitions, leading to the formation of metastable states. A similar behavior is found as B increases at fixed L c .
We have focused on the simplified case of an SU (3) gauge group and of fermions with degenerate charges. Of course, if the electric charges are different and/or for different gauge groups, the structure of center domains, dictated by the local minima of the holonomy, can be different, because of the competing contributions from fermions with different electric charges. However, the general picture, in particular the appearance of different phases and metastable states as L c and/or B change, will be qualitatively similar. Also the addition of more non-compactified space dimensions should not change the scenario, which theorefore could be of interest for theories with extradimensions which get compactified in the presence of background fields.
